The Harper map with a particular set of parameters possesses quadruple reversibilities. For this map, it is shown that singly reversible periodic orbits, doubly reversible periodic orbits, and quadruply reversible periodic orbits exist.
The Harper map 1) was introduced to study electron motion in a tight-binding lattice in a magnetic field. The Harper map T (x, y) in the torus (x ∈ S 1 , y ∈ S 1 ) has the form T (x, y) : y n+1 = y n + a sin x n , x n+1 = x n + b sin y n+1 ,
where a and b are parameters. Because this map has a periodic term (b sin y n+1 ) in the second equation, it is classified into a category of non-twist maps. Detailed analysis of the Harper map is given in Ref.
2). Several interesting processes, such as the birth and annihilation of periodic orbits and separatrix reconnection, have been found in this map. These processes affect the stability of quasi-periodic orbits and transport phenomena. 3) In the present paper, we study maps with a = b and a = −b. For these maps, T is expressed as the product of two involutions in four different manners. In other words, T possesses quadruple reversibilities. Under the shift transformation defined by y → y + π, the map with a = −b is converted into that with a = b. Under the shift transformations defined by y → y + π and x → x + π, the map with a = b < 0 is converted into that with a = b > 0. Therefore, we study only symmetric periodic orbits (SPOs) in the map with a = b > 0. It is noted that the two points P 00 = (0, 0) and P 11 = (π, π) are saddles, whereas the two points Q 10 = (π, 0) and Q 01 = (0, π) are elliptic points (0 < a < 2) or saddles with reflection (a > 2). We choose f (x) = a sin x.
The Harper map with a = b is expressed as the product of two involutions, G i and H i , in the following four ways (where G i and
Here the involutions are defined as
The symmetry axis is defined by the set of fixed points of involution. Thus, we have the following symmetry axes R(H i ) and R(G i ) for i = 1, 2, 3 and 4: where each equation holds mod(x, 2π) or mod(y, 2π). These symmetry axes are displayed in Fig. 1 . There exist three types of SPOs. The first type comprises the singly reversible periodic orbits, the second one the doubly reversible periodic orbits, and the third one the quadruply reversible periodic orbits. It is noted that the fixed points are, for convenience, excluded as SPOs in this paper. We now introduce the notation for the orbits in the universal cover of the torus. Let o(z 0 ) = {z n } n∈Z be the orbit of the initial point z 0 = (x 0 , y 0 ), with z n = (x n , y n ). The rotation numbers ν x in the x-direction and ν y in the y-direction are defined as
The singly reversible periodic orbit has a point
We list these orbits in Table I . We introduce the notation
, which means that the initial point z 0 is Table I . List of the singly reversible periodic orbits. located on a symmetry axis of G 1 , z k is located in the symmetry axis of H 1 and
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is not located on a symmetry axis. Similar notation is used in other tables. In Table I , n is an integer, and the last column lists the conditions for k.
All relations are derived from the theorem of DeVogelaere. 4) The first eight relations for the rotation numbers are already known (see Refs. 2) and 5)). Here, we give a derivation of Table I . The derivations for the other cases are similar and therefore omitted.
Derivation of rotation numbers for H
For n = 0, there is no intersection point between the two symmetry axes, y = x + π and y = x − f (x) + π, except for the fixed points in the case k = 0. Next, we consider the cases with n = 0. In the case k = 0, there exist intersection points between two symmetry axes, for example, y = x + π and y = x − f (x) + 3π (n = 1), if the value of a is sufficiently large. The involution G 4 , whose symmetry axis is y = (2n + 1)π + x − f (x), is obtained as
The other involution H 4 is also obtained:
Using this H 4 , we obtain the relation z 2k+1 = H 4 z 0 . Then, we have the following relations:
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Note II. The SPOs of G 1 → G 2 coincide with the SPOs of G 2 → G 1 if their periods are the same.
This also holds for the SPOs of the other pairs of symmetries.
These give the rotation numbers ν x = −n/(2k + 1) and ν y = n/(2k + 1). Q.E.D.
The doubly reversible periodic orbit has a point z l in R(G i ) or R(H i ) and another point z m in R(G j ) or R(H j ) (i = j). We list these orbits in Table II . Two rotation numbers are common and are expressed by ν x = ν y = 0/q, where q is a period. In Table II , the relation between z q/2 and z 0 is expressed.
Here we derive the relation
For the other cases, the derivations are similar and therefore omitted.
Derivation. The relation
Then, using the relation y 0 = π − x 0 − f (x 0 ), we find that z 2k is located on
The quadruply reversible periodic orbit has a point z m 1 on R(
. We list these orbits in Table III . Two rotation numbers are the same and are expressed by ν x = ν y = 0/q, where q is a period. Again in Table III , the relation between z q/2 and z 0 is expressed. In the notation, for example, 
Derivation. Let z 0 represent (x 0 , y 0 ), with x 0 = f (y 0 )/2. Using the relations H 1 z 0 = z 0 and G 3 z k = z k , we obtain
We have the following relation between z 0 and z 4k+3 :
After calculating the product of three involutions, we arrive at z 4k+3 = (x 0 − f (y 0 ), 2(2n + 1)π − y 0 ). This implies that z 4k+3 is located on the symmetry axis x = f (y)/2 and the orbit from z 0 to z 4k+3 represents one half of the period. After one period, the orbit comes back to the initial point. Therefore, the rotation numbers are ν x = ν y = 0/(8k + 6).
Next, we show that z 2k+1 is located on R(G 2 ). Using Eq. (26), we have z 2k+1 = H 3 z 0 = (−y 0 + (2n + 1)π, −x 0 + (2n + 1)π). Then, using the relation x 0 = f (y 0 )/2, we find that z 2k+1 is located on y = −f (x)/2 + (2n + 1)π, which is R(G 2 ).
Finally, we show that the point z 3k+2 is located on R(H 4 ). It is sufficient to prove the relation z 4k+3 = H 4 z 2k+1 (= H 4 H 3 z 0 ). Using the equation x 0 = f (y 0 )/2 and evaluating all quantities mod(x, 2π) and mod(y, 2π), we obtain this relation.
Q.E.D.
In Table III , the relation between z q/2 and z 0 is expressed. Using this relation, we repeat the procedure mentioned above and thus obtain the results listed in Table  III .
There are two types of SPOs. The first type comprises SPOs appearing through a saddle-node bifurcation. The second one comprises SPOs appearing through the bifurcation of the symmetric elliptic periodic points. For the former type, we can determine the forcing relation between them. These relations will be reported in detail elsewhere.
Finally, we discuss several problems related to our results. We can obtain a lower bound on the topological entropy using the structure of quadruply reversible periodic orbits and the forcing relation for them. The well-known accelerator mode induces anomalous diffusion. The periodic orbits passing through R(H 3 ), R(G 3 ), R(H 4 ) or R(G 4 ) contribute to the anomalous diffusion. We hope to carry out a detailed analysis of transport phenomena, including the chaotic itineracy in the Harper map. The structure of the symmetric periodic orbits is useful in studying the quantum system corresponding to this map.
